Betti numbers without going through the desingularization process as in [Kir86b, Kir86a] . One can furthermore compute the Hodge numbers since both φ * and κ ss M preserve the Hodge structure. The layout of this paper is as follows. In section 2, we recall the de Rham theory definition of intersection cohomology while in section 3 we show that intersection cohomology is functorial with respect to certain maps. The stratification of a symplectic reduction is discussed in section 4 and the homomorphism φ * is constructed in section 5. In section 6 we recall the Kirwan map. In section 7 we define V * M and state the theorem, which says φ * (IH * (M/ /G)) = V * M . This is proved in section 8 and several examples are computed in section 9.
The first version of this paper was written in 1998. There V * M was defined and it was shown that the Kirwan map κ ss M restricted to V * M is an isomorphism onto IH * (M/ /G) under the weakly balanced condition (Definition 7.2). About a year later, in [KW] , we generalized the Kirwan map to symplectic reductions and extended the results of this paper to the purely symplectic setting by interpreting the first condition of the weakly balanced action as the cosupport axiom for intersection homology sheaf. After finishing [KW] , it occured to us that the condition could be most naturally explained in terms of (p, q)-placid maps and hence the current paper was revised using this new observation. In [Kie] , we showed that the extended moduli spaces defined by L. Jeffrey [Jef94] satisfy our assumptions and hence we can compute the intersection cohomology of representation spaces of surface groups in terms of the equivariant cohomology.
Every cohomology group in this paper has complex coefficients. Every intersection cohomology group has middle perversity.
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Intersection cohomology
We present here the de Rham theory definition of intersection cohomology due to Goresky and MacPherson. The main reference for this section is [Bry92] .
Suppose X = X n ⊃ X n−2 ⊃ · · · X 0 ⊃ ∅ is an even dimensional pseudo-manifold with even dimensional strata. In particular, S i = X i − X i−2 is a smooth manifold of dimension i or empty. Let p : {2, 3, · · · , n} → {0, 1, 2, · · · , n − 2} be a function such that p(i) ≤ i − 2 and p(i) ≤ p(i + 1) for each i. We call p a (classical) perversity. Put U 2k = X − X n−2k and let j 2k : U 2k ֒→ U 2k+2 denote the inclusion. Then the intersection cohomology with perversity p is the hypercohomology of the sheaf complex defined inductively by
This defines an object in the derived category, which is independent of the choice of stratification, and the intersection cohomology [GM83] is a homeomorphism invariant. Furthermore, we suppose X is equipped with "Thom-Mather data" as follows. For each stratum S, we have an open neighborhood T S in X, a (stratumwise) smooth fibration π S : T S → S with section S ֒→ T S , such that π S ′ • π S = π S ′ whenever S ′ ⊂ S.
For each smooth fibration π : E → S, we may consider the Cartan filtration for the sheaf complex of differential forms Ω E as follows. For each k ≥ 0, F k Ω E is the subcomplex of forms such that ı(ξ 0 )ı(ξ 1 ) · · · ı(ξ k )(α) = 0, ı(ξ 0 )ı(ξ 1 ) · · · ı(ξ k )(dα) = 0
(1) if ξ 0 , · · · , ξ k are vertical vector fields of π. This filtration gives us the Leray spectral sequence for the fibration. We define IΩ p as the subcomplex of j 2 * Ω| U 2 consisting of differential forms α such that for any point x in a stratum S of codimension c, the restriction of α to a neighborhood O of x contained in T S belongs to F p(c) Ω T S (O ∩ U 2 ) for the projection π S : T S ∩ U 2 → S. Clearly, we have IΩ p | U 2 ∼ = C in the derived category D + c (U 2 ) and it is straightforward from the definition that
Hence, IΩ p is the intersection cohomology sheaf complex and its hypercohomology is the intersection cohomology of X. Notice that U 2 has a partition of unity for any open cover and thus IΩ p is a fine sheaf complex. Therefore, the intersection cohomology groups are the cohomology of the complex
Suppose now we have a Lie group which acts on X, preserving the stratification, smoothly on each stratum. The simplicial space {X × K K n+1 } gives us a complex L k = i+j=k IΩ j p (X × K i ) whose cohomology groups are defined as the equivariant intersection cohomology IH * p,K (X). There is a Cartan model for this equivariant intersection cohomology.
Consider the differential defined by D(1 ⊗ P ) = 0 and
where ξ k and u k are dual bases of k = Lie(K) and k * . Then IH * p,K (X) is the cohomology of the complex IΩ p,K (X).
Placid maps
Unlike ordinary cohomology, intersection cohomology is contravariant only for a limited class of maps. We generalize slightly the concept of placid maps due to Goresky and MacPherson and show the functoriality.
Let f : X → Y be a continuous map between stratified pseudomanifolds, which is smooth on each stratum. We suppose the inverse image of any stratum in Y is a union of strata in X and the Thom-Mather data are compatible, i.e. if A and S are strata such that f (A) ⊂ S, then f •π A = π S •f on T A . Let p, q be (classical) perversities for X and Y respectively.
When p = q, we recover the original placid maps [GM85] .
Proposition 3.2 If f is (p, q)-placid, then the pull-back of differential forms induces a homomorphism on intersection cohomology
Proof The pull-back of a differential form α in IΩ q (Y ) gives us a differential form on the smooth part of X after restriction if necessary. By assumption on the Thom-Mather data, vertical vectors are mapped to vertical vectors near each stratum. The (p, q)-placid condition tells us that the pull-back of α lies in IΩ p (X). Similarly, the pull-back of dα is also in IΩ p (X). We thus obtain a homomorphism on intersection cohomology. Clearly, the pull-back defines a morphism IΩ m,Y → Rf * C X of sheaf complexes in the derived category D + c (X) and f * is obtained by taking hypercohomology.
Addendum 3.3 Suppose furthermore that K acts on X and Y . An equiv-
The proof is straightforward if we use the Cartan model for the equivariant cohomology.
. For the middle perversity m, we drop the subscript and denote the intersection cohomology by IH * (Y ). In the equivariant case, if K acts trivially on Y, a (t, m)-placid equivariant map f : X → Y induces a homomorphism f * : IH * (Y ) → H * K (X). When Y is compact connected normal, IH * (Y ) has a nondegenerate intersection pairing defined as follows. Given two differential forms ξ, η ∈ IΩ p (Y ) such that deg(ξ)+deg(η) = dim Y , ξ ∧η restricts to zero near the singular set because of (1), and hence it has compact support on the smooth part. Now, the integral Y ξ ∧ η gives us the intersection pairing [ξ], [η] . Equivalently, if we denote by τ the top degree class in IH * (Y ) such that Y τ = 1, then we have
We summarize the above in the following proposition. Proof The result follows from the above proposition since the intersection pairing is nondegenerate. A similar result is true for the equivariant case.
Symplectic reduction
Let (M, ω) be a connected Hamiltonian K-space with moment map µ : M → k * where k = Lie(K). Then the symplectic reduction X = µ −1 (0)/K, which we often denote by M/ /K, is in general a pseudomanifold, whose strata are symplectic manifolds. In this section, we show that there is a neighborhood U of µ −1 (0) and compatible Thom-Mather data for U and X. with fiber F given by
Let O denote the union of such retractable neighborhoods for all nonminimal (H), in the above lemma. Then O is an open set containing Σ. Now the reduction of N is homeomorphic to a neighborhood of X (H) in X. The principle of reduction in stages gives us the following.
Proposition 4.2 ([SL91] 7.4) Given a stratum X (H) of X, there exists a fiber bundle over X (H) with typical fiber being the cone W/ /H such that a neighborhood of the vertex section of this bundle is symplectically diffeomorphic to a neighborhood of the stratum inside X.
Obviously, the bundle projections in the proposition give us Thom-Mather data for X.
Let M ss denote the subset of elements in M whose gradient flow for f = −|µ| 2 has a limit point in Z and put r : M ss → Z denote the retraction by the flow. Since Σ is compact, there is small enough ǫ > 0 such that
. We need to choose a stratification and Thom-Mather data for U.
Let φ be the composition U → Z → Z/K = X of the retraction r and the quotient map. The inverse image φ −1 (X (H) ) of the stratum X (H) is diffeomorphic, after stretching by the gradient flow if necessary, to a subbundle of N in
is the vertex of the cone W/ /H. If we assign a complex structure, compatible with the symplectic structure, it is well-known that φ −1 W ( * ) is the complex cone over PW − PW ss where the superscript ss denotes the semistable set defined by Mumford. Hence, the complex cones over the unstable strata of PW minus 0, together with {0}, give us a stratification of φ −1 (X (H) ) via the diffeomorphism in Lemma 4.1.
Of course, φ −1 (X − Σ/K) is a smooth open stratum of U. Similarly, we choose Thom-Mather data for the Morse stratification of PW and then the complex cones give us Thom-Mather data for the strata in φ −1 (X (H) ). From our construction, the compatibility of the Thom-Mather data is obvious.
See [Kir94] for a description of the above stratification for GIT quotients and an application to the Atiyah-Jones conjecture.
Almost-balanced action
We use the notations of the previous section. With respect to the strat-
Hence φ is (t, m)-placid if and only if
The Morse stratification of PW by the norm square of the moment map is in one-to-one correspondence with the set B of the closest points in the positive Weyl chamber from the origin to the convex hulls of some weights of the maximal torus action. (See [Kir84] .) For each β ∈ B, let n(β) denote the number of weights α such that α, β < β, β . Then F. Kirwan proved in [Kir84] that the codimension of the stratum corresponding to β ∈ B is precisely
where Stabβ is the stabilizer of β in H. Therefore, the (t, m)-placid condition is equivalent to
for each β ∈ B. In particular, this condition is satisfied when
for all β. For example, if the set of weights is symmetric with respect to the origin, the above is satisfied . This is the case for the moduli spaces of vector bundles over a Riemann surface. (See Proposition 7.3.) When K = U(1) acts on M = P n linearly and if n + , n 0 , n − denote the number of positive, zero, negative weights respectively, then the condition (2) is satisfied if and only if n + = n − . Hence the (t, m)-placid condition may be viewed as a condition on "balancedness of weights".
Definition 5.1 [KW] The action on M is said to be almost balanced if the condition (2) is satisfied for all β and (H).
Theorem 5.2 Let M be a Hamiltonian K-space with moment map µ. Suppose the K action is almost balanced. Then we have a natural map
of the middle perversity intersection cohomology of X = µ −1 (0)/K into the K-equivariant cohomology of Z = µ −1 (0). Moreover, if µ is proper and there is at least one point in Z with finite stabilizer, φ * is injective and the intersection pairing of IH * (X) is given by the cup product of H *
where τ is the fundamental class in IH dim X (X).
Proof Almost balanced condition is equivalent to the (t, m)-placid condition and hence we get
by Proposition 3.2. For injectivity and intersection pairing, it suffices to show that φ * (τ ) is nonzero in H * K (Z). According to [MS99] , there is an equivariant proper map π :Z → Z such that π| π −1 (Z−Σ) is a diffeomorphism and the stabilizer of any point inZ is a finite group. Thus H * K (Z) ∼ = H * (Z/K).
Let X s = (Z − Σ)/K and consider the commutative diagram of natural maps
where the subscript c denotes compact support. The fundamental class τ is the image of a nonzero class in H dim X c (X s ) and hence it follows from the above diagram that φ * (τ ) is nonzero.
We will show below that for GIT quotients the above embedding is the right inverse of the Kirwan map
defined in [Kir86b] and the image can be identified under a slightly stronger assumption.
GIT quotients and the Kirwan map
Let M ⊂ P n be a connected nonsingular quasi-projective variety acted on linearly by a connected reductive group G via a homomorphism G → GL(n+1).
We may assume that the maximal compact subgroup K of G = K C acts unitarily possibly after conjugation. Furthermore, after resolving singularities if necessary, we may assume that M has a nonsingular closure in P n . Let µ : P n → u(n + 1) * → k * be the moment map for the action of K. From now on, we will always assume the following as in [Kir84] §9. In order to define the Kirwan map, we also assume from now on that there is at least one stable point in M. From [GH94] we have
where E is the exceptional divisor and N is a small neighborhood of the blowup center which is K-equivariantly diffeomorphic to the normal bundle. The projectionM → M ss induces an embedding H * K (M ss ) ֒→ H * K (M ). On the other hand, by the decomposition theorem of Beilinson, Bernstein, Deligne and Gabber [BBD82] , there is a decomposition
which comes from a decomposition on the sheaf complex level. Hence we get a surjection p : IH * (M/ /G) → IH * (M/ /G). The decomposition can be made canonical by considering the Lefschetz decomposition and the primitive part.
By composing the above maps, we get the Kirwan map κ ss M for M as follows [Kir86b] : Recall that if the K action on M is almost balanced, we have a homomorphism φ * : IH * (X) → H * K (Z) ∼ = H * K (M ss ) where X = M/ /G. As mentioned before, the Kirwan map is a left inverse of the pull-back φ * . Proposition 6.4 κ ss M • φ * = 1. Proof Perhaps, the best way to see it is by using the language of derived category. Notice that when the K action on M is almost balanced, the argument earlier gives us a morphism IΩ X → E X in the derived category D + c (X) where E X = Rφ * C EK× K U andφ : EK × K U → X is the induced map from φ. Moreover, the Kirwan map comes from a morphism in the derived category E X → IΩ X since π * , p and κ sŝ M by induction all come from morphisms in the derived category. The composite IΩ X → E X → IΩ X is a morphism in the derived category whose restriction to the smooth part is the identity of the constant sheaf C. It is well-known [B + 84] that such a morphism is unique and hence the composite is the identity. Therefore, by taking hypercohomology, we see that κ ss M • φ * = 1.
In particular, φ * is injective, even when µ is not proper, and κ ss M is surjective, under the almost balanced assumption.
7 The image of φ * In this section, we identify the image of φ * defined in section 5 with a naturally defined subspace V * M ⊂ H * K (M ss ) under a slightly stronger assumption than almost balanced condition. For practical application, the following 2-step equivalent definition is more useful. x ∩ W and hence the weights of the maximal torus action on N ⊥
x ∩ W are all zero. If the H action on N x is weakly linearly balanced then so is the H action on W . Therefore, the two definitions are equivalent.
The weakly balanced condition is satisfied by many interesting spaces including the diagonal SL(2) action on (P 1 ) 2n . (See §9.) Also, it is satisfied by (the GIT construction of) the moduli spaces of holomorphic vector bundles over a Riemann surface of any rank and any degree. Proposition 7.3 Let M(n, d) be the moduli space of rank n holomorphic vector bundles of degree d > n(2g − 1) over a Riemann surface Σ of genus g, which is a GIT quotient of a nonsingular quasiprojective variety R(n, d) ss by SL(p) for p = d − n(g − 1). (See [New78, Kir86a] .) The action of SL(p) on R(n, d) ss is weakly balanced.
Proof Let E be a semistable vector bundle such that E ∼ = m 1 E 1 ⊕· · ·⊕m s E s where E i 's are non-isomorphic stable bundles with the same slope. Then the identity component of
where S denotes the subset of elements whose determinant is 1. The normal space to GM ss
More precisely,
Therefore, the weights of the representation of H C on H 1 (Σ, End ′ ⊕ E) are symmetric with respect to the origin. This implies that the action is linearly balanced. As each subgroup L C as in the above definition is conjugate to S( s i=1 GL(m ′ i )) for a "subdivision" (m ′ 1 , m ′ 2 , ...) of (m 1 , m 2 , ...), it is easy to check that such H ∩ N L /L action on the L-fixed point set is also linearly balanced.
For any H ∈ R(M), consider the natural map 
where 
H at x ∈ µ −1 (0) whose stabilizer has H as its identity component.
The definition of V *
M is independent of the choices of H's in the conjugacy classes and the tensor product expressions: The former is easy to check by translating by g if H is replaced by gHg −1 . The latter can be immediately seen by considering the gradation of the degenerating spectral sequence for the cohomology of the fibration
Though the isomorphism in (7) is not canonical, the subspace in (8) is canonical. By the definition, V * M can be thought of as a subset of H * K (M ss ) ∼ = H * K (Z), "truncated locally". Now we can state the main theorem of the section which will be proved in the next section. According to [Kir85] and [Kir86b] , KM ss
where N is the normal bundle of GM ss H and x as in Definition 7.2. 1
Proof Let ζ be a nonzero element in V * M . Then Its image in H * K (M ss ) satisfies
It follows from the commutative diagram
Recall that H is the identity component of a stabilizer which has the maximal dimension r(M) and the blowup center is GM ss H . Because each unstable stratum inM retracts onto its intersection with E ([Kir85]), we have an isomorphism of the kernels
by restriction. Therefore, if ζ| GM ss H = 0 i.e. ζ| E = 0, then ζ|M ss = 0. So, we consider the case when ζ| GM ss H = 0.
, the real codimension of each unstable stratum S β of PN x with respect to the H action is 2n(β) − dim H/Stab β which is greater than 1 2 (dim N x − 2 dim H) = n H because the K action is weakly balanced. Therefore, ζ| E ss = 0 and thus ζ|M ss = 0.
The normal bundle N has an induced action of K and clearly it is weakly balanced.
Lemma 8.2 The linear action of H on N x is weakly balanced and the theorem is true for N x with respect to the action of H.
Proof Let y be a point in µ −1 (0) ∩ N x such that the identity component of Stab y is L. Let N L denote the subset of points in N fixed by L.
By the holomorphic slice theorem [Sja95] , a neighborhood of Gx in N is diffeomorphic to G ×HCŴ for someH C vector spaceŴ whereH is the stabilizer of x in K. LetŴ H denote the H fixed subspace. Then N x ∼ = W /Ŵ H with the inducedH C action. In the neighborhood of Gx, N L is isomorphic to G ×HCŴ L whereŴ L is the L fixed subspace and GN L = G ×HC (H CŴ L ), N x,L =Ŵ L /Ŵ H . Hence,
The normal space to GN L at y in N is the same as the normal space to H C N x,L in N x because GN L is the bundle over GM ss H with fiberH C N x,L . Therefore, the H-action on N x is weakly balanced as the G-action on N is so. Moreover, dim(H C N x,L ) + dim N y = dim N x .
As N x / /H is a cone with vertex point * ,
H is the quotient map and the following diagram commutes:
As φ −1 x ( * ) is the union of the complex cones over the unstable strata of PN x and the real codimension of each unstable stratum is greater than n H as seen in the proof of the previous lemma, the real codimension of φ −1 x ( * ) is greater than n H . Hence, the bottom horizontal map is an isomorphism. Now, because r(N x − φ −1 x ( * )) ≤ r − 1, the right vertical gives us an isomorphism IH * (N x − φ −1
x ( * ) . From the above commutative diagram, it suffices to show that V i
x ( * ) for i < n H by restriction. To see this, we note once again that for i < n H ,
is an isomorphism and the same is true for H j
For by the weakly balanced assumption, the codimension is greater
If we letN x be the blow-up of N x at x, thenN ss x ⊃ N x − φ −1 x ( * ) and we have a commutative diagram by restriction 
and thus φ * (IH * (N / /G)) = V * N . Similarly, by our induction hypothesis we have
By (18), (19) and (20), we get the following commutative diagram of exact sequences:
As the last two vertical maps are isomorphisms, the first vertical is also an isomorphism. 
Proof Obviously, V * M lies in the kernel since N is K-equivariantly isomorphic to a neighborhood of the blowup center GM ss H . We show that V * M is the full kernel.
Let ζ ∈ V * M be an element such that ζ| E ss ∈ V * N ⊂ V * E . We first claim that there is ξ ∈ H * K (M ss ) such that ξ is pulled back to ζ viaM ss ֒→ M → M ss . Let ξ ′ ∈ H * K (N ) be the element corresponding to ζ| E ss . As As
by assumption, we can deduce from the previous paragraph that
This is a contradiction. Therefore, ξ ∈ V * M and the proof is complete.
Recall that by the decomposition theorem we have
We know that IH * (E/ /G)/IH * (N / /G) ∼ = V * E /V * N and IH * (M / /G) ∼ = V * M . Hence, the theorem now follows from the next lemma.
Proof The proof is closely related to that of Lemma 8.2. For each L ∈ R(M), consider the natural maps
Let A · L be the extension of
in the derived category D + c (X). By taking hypercohomology we get the truncation map which we want to prove to be zero.
Inductively, we may assume that the restriction IΩ · X | X−X H → A · L | X−X H is zero where X H := GM ss H /G. We claim that
where ı : X − X H ֒→ X is the embedding. If L is not a subgroup of H, then X H ∩ M ss L / /N L = ∅ and thus we have nothing to prove. So we may assume L ⊂ H. For p ∈ X H , we have
From the proof of Lemma 8.2, we know that
and hence we get the quasi-isomorphism (24). Therefore, the composite
is zero and hence the morphism IΩ · X → A · L is zero. So, we are done.
Examples
Let
be the Poincaré series.
C * -action on projective space
Consider a C * -action on M = P n via a representation C * → GL(n + 1). Let n + , n 0 , n − be the number of positive, zero, negative weights. Suppose the action is weakly balanced, i.e. n + = n − . In this case, we can easily compute the intersection Betti nubmers by the splitting theorem. From the equivariant Morse theory [Kir84] ,
where n H is in this case 2n − 3. By the lemma below, which is essentially combinatorial, the image contains ⊕ I ⊕ i≥2n−3 H i H and thus the intersection is ⊕ I ⊕ i>2n−3 H i H , whose Poincaré series is precisely 1 2 2n n t 2n−2 1 − t 2 .
So we are done.
Lemma 9.2 The restriction map H 2k K (M ss ) → ⊕ I H 2k H is surjective for k ≥ n − 1.
Proof It is equivalent to show that H 2k K (M) → ⊕ I H 2k H is surjective. Let ξ = ξ 2 + · · · + ξ 2n and consider, for each I = (1, i 2 , · · · , i n ),
Then since ξ| q J = −ρ for all J, η I | q J = (−2ρ) k if J = I and 0 otherwise, where k = k 2 + · · · + k n , k i ≥ 1. Therefore, the images of those η I span ⊕ I H 2k H for any k ≥ n − 1 and thus the restriction is surjective. The lemma is also a consequence of a pleasant combinatorial problem about the nondegeneracy of a matrix with entries +1, −1, whose sign is determined by the parity of incidence of I's. This problem was solved nicely by S.-H. Kim
Intersection pairing
Consider the C * action on P 7 by a representation with weights +1, 0, −1 of multiplicity 3, 2, 3 respectively. Hence, n + = n − = 3, n 0 = 2. Then
where ξ is a generator in H 2 (P 7 ) and ρ is a generator in H 2 S 1 . The equivariant Euler classes for the two unstable strata are ξ 2 (ξ − ρ) 3 , ξ 2 (ξ + ρ) 3 respectively. Therefore, H * S 1 ((P 7 ) ss ) = C[ξ, ρ]/ ξ 2 (ξ − ρ) 3 , ξ 2 (ξ + ρ) 3
A Gröbner basis for the relation ideal is {ξ 5 + 3ξ 3 ρ 2 , ξ 4 ρ + 1 3 ξ 2 ρ 3 , ξ 3 ρ 3 , ξ 2 ρ 5 } where ξ > ρ. Hence as a vector space, H * S 1 ((P 7 ) ss ) = C{ξ i ρ j |i = 0, 1, j ≥ 0} ⊕ C{ξ i ρ j |2i + j < 9, i ≥ 2, j ≥ 0} By definition, as n S 1 = 5, we remove C{ξ i ρ j |i = 0, 1, j ≥ 3} to get
V 0 = C, V 2 = C{ρ, ξ}, V 4 = C{ρ 2 , ξρ, ξ 2 }, V 6 = C{ξρ 2 , ξ 2 ρ, ξ 3 }, V 8 = C{ξ 2 ρ 2 , ξ 3 ρ, ξ 4 }, V 10 = C{ξ 2 ρ 3 , ξ 3 ρ 2 }, V 12 = C{ξ 2 ρ 4 }.
First, consider the pairing V 2 ⊗ V 10 → V 12 . As ρ(ξ 2 ρ 3 ) = ξ 2 ρ 4 , ρ(ξ 3 ρ 2 ) = ξ 3 ρ 3 = 0, ξ(ξ 2 ρ 3 ) = ξ 3 ρ 3 = 0, ξ(ξ 3 ρ 2 ) = ξ 4 ρ 2 = − 1 3 ξ 2 ρ 4 , the pairing matrix is up to a constant The determinant is − 8 27 = 0 and the signature is 1. In this way, one can compute the intersection pairing for any n 0 , n − = n + .
